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An emhdding of graph G into graph N is by definition an isomorphism OI G onto a 
subgraph of H. It is shown in this paper that every unicycle V embeds in its line-graph L(V), 
and that every other connected graph that embeds in its own line-graph may be constructed 
from such an embedded unicycle in a natural way. A complete, explicit classification is also 
given of the graphs G that admit a special kind of embedding into L(G), called an incidence 
embedding. Moreover, the question of which graphs G are isomorphic to induced subgraphs 6’ 
of their line -graphs is shown to be formally equivalent to the original, more general question, 
where G’ is not required to be induced. 
The centr 1 problem of this paper is the determination of the connected graphs 
G such that G is isomorphic to a subgraph G” of its line-graph L(G). AS ET shall 
see, the analogous problem where G’ is required to be an induceci subgraph of 
L(G) is formally equivalent to the non-induced case. 
While we assume the book by arary [2] as a reference, we remind the reader 
of a few basic definitions and introduce some useful special notation. As in [2], 
the graphs considered herein are finite, undirected, and have neither loops nor 
multiple lines; the number of points and number of Fines of a graph G will be 
denoted by p(G) and q(G) respectively. The line-graph L(G) of a graph G has 
one point f for each liae 1 of G, and points fl, f2 of E(G) are adjacent precisely 
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s is a subgyaph of 6, the (S) is an ind subgraph of L(G). 
The ccnverse of proposition 1 is of imlportance for us. Given a subgraph 
L(G), define S, to be the subgraph of G whose lines are the lines I of G such 
that f is a point of H, and whose points are precisely the endpoints of its lines. 
The following is tasily deduced. 
If is a connected subgraph of L(G), then S, is the unique 
connecl‘ed subgraph of G such that H is (a spanning subgraph of I.&). 
H is an induced subgraph of L(G) if and only if I-I = L(S) for some 
Suppose G is isomorphic to an induced subgraph G’ of L(G). The above 
corollary tel!s us that G’= L(S) for a subgraph S of G. Since S E G and G is 
isomorphic to L(S), G is isomo-rphic to the line-graph of a solution to SL L(S). 
Conversely, from Proposition 1, the line-graph of a solution to SE L(S) is a 
solution to G s L(G). We now garner these observatiors together. 
A graph G is isomorphk to L(S) for a graph S satisfying S c L(S) if 
As of yet, we have not shown that GLzL(G) has any solutions at all. We now 
remedy this. We shall henceforth restrict our attention to connected graphs. First 
note that for any solution of GLL(G), p(G)< p(L(G)) = q(G); thus no tree is a 
solution to this inequality. Moreover the only graphs G that could be isomorphic 
to spanning subgraphs of L(G) are the unicycles. We now -cte that not only do 
unicycles admit embeddings into their line-graphs, but in fact admit a very natural 
kind of embedding. An isomorphism 4p of G onto G’ c: L(G) is an incidence- 
embedding if for each point u of G, q(u) = i for a line 1 of G incident with u. The 
g may be found in Harary’s book 12, p. 2011. 
B A corziizcted graph G admits an orkntagson in which each point has 
egree one if and only if G is a unicycle. 
G is a unicycle there is arz incidence-em edding of G into L(G). 
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efore proceedi e general case G L(G), we determine the graphs that 
incidence-embed in their line-graphs. Cal% that an isomorphism q from a graph 
G = (V, E) onto a graph G’ = (V’, E’ a bijection from V onto V’ preserving 
adjacencies; that is a bijection cp : V -+ V’ such that 2 = (u, u} is a line of G if and 
only if q(l) = {<p(u), q(u)} is a line of 6’. The image of a subgraph GO = (V,, EO) 
of G is the sub , cp(E,)) of 6’; note that q restricts to an 
isomorphism of e also note that 4p naturally induces an 
isomorphism L[ q] : L( 6) + L(G’) in which L[cp] (2”> = a). 
If 4p is an incidence-embedding of a unicycle G into L(G), then 
L[q] is an inlidence-embedding of L(G) into L2(G). 
. Since q(G) spans L(G), for any point f of L(G) there is a point u of G 
such that q(u) = i. The fact that <p is an incidence-embedding tells us that 
I = (u, u} for some point o. But then 
Thus L[qj is a incidence-embedding. Cl 
. A connected graph G incidence-embeds in L(G) if and only if G is 
isomorphic to G’ C_ L(G), where for some incidence-isomorphism cp of a unicycle U 
onto U’C, L(U), U’ E G’ c L(U). 
. First assume U’E 6’~ L(U), where there is an incidence-isc’?orphism q 
of a unicycle U onto U’ c L(U). Then by Proposition 4, L[q]: E( U:t + L(U) c 
L2( U) is an incidence-embedding. Since G’s L(U), L[q](G’) E L( iL”j and since 
U’ c G’, L( U’) c L(G’). ‘Fhus the res;riction of L[q] onto G’ defines an 
incidence-embedding of G’ into L(G’), and hence defines an incidence- 
embedding from G into L(G) for any graph G isomorphic to G’. 
Now suppose # is an incidence-isomorphism of G onto G’c L(G), and let 
U = S,# E G. First note that this implies U’ = q+(U) c G’. By Propos;ition 2, G’ 
spans the induced subgraph L(U) of L( 6) : G’ c L(U) s L(G). Note that 
is connected and G’ spans L(U), L(U) (and hence U) is connected. Since 
incidence-embedding VW may define an orientation of U by directing ea 
of U toward the uni 
each point will have 
oreover $ restricts to a 
roof. cl 
e re at t G since p( 
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ecessity follows fro 
by noting that if G’ is induced then 
unicycle. 0 
Theorem 2 provides a ltileans of 
into their line-graphs. Each unicycle 
is the line-graph of a 
constructing grap s that incidence-embed 
admits two incidence-embedd.ings into its 
line-graph. In general one must examine both incidence-embeddings of a unicycle 
U in order to find the graphs G constructed via eorem 2 from U. To see this 
note that in Fig. 1 a unicycle U and its two incidence-embeddings ql and 4p2 are 
indicated by showing the orientations of U corresponding to 4p1 and Q~. The graph 
G satisfies 4p2(U) c_ G c L(U), ;fet G is not isomorphic to any graph 6’ satisfying 
<p*(U)E G’c, L(U). 
It is also interesting to see that while-an incidence-embedding # of G into L( 6) 
uniquely determines, as in Theorem 2, the associated unicycle U and its 
incidence-embedding into L(U), G alone does ;lot determine U. In Fig. 2, a 
graph G and distinct unicycles U1 and V, are given so that G may be constructed 
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Fig. 2 
as in Theorem 2 from appropriately chosen incidence-embeddings of each of the 
unicycles into its line-graph. 
We turn now to the general inequality GLL(G). First we note a generalizalion 
of Proposition 4. 
L-f 4p is an embedding of G onto G’c, L(G) and G’c_ 
tion of L[q] to H defines an embedding of H into L(H). 
Since G’ C_ H, L(G’) c L(H). To complete the proof merely note t!hat 
(6) and L[p] is an isomorphism of L(G) onto L(G’)c L(H). q 
The main theorem co;.cerning the general inequality G !Z P,( G) may be viewed 
as an ‘extended converse’ to Proposition 5. 
If <p is an embedding of a connected graph G into L(G), then there (zre 
d subgraphs G =G12 0-e =) G,, such that G,, is a unicycle and for 
each i, 1 s i s n - I, and <p(Gi) is a spanning subgraph of L( Gi,,). 
. We inductively define Gi by setting G1 = G and Gi+l= sCp(Gi). NOW Gi 1 
G i+l and by Proposition 1 p( Gi) spans L( Gi + 1). Moreover if Gi+ I= Gi, then 
clearly Gi+l = Gj for all j 3 i. If we let yc be the least i with 
cp( G,) spans L( G,)), and hence is a unicycle. 0 
G i+l = Gi, we see that 
I;;; ) is obtained 
a se nce of “exten- 
i al ity 
Fig. 3 
One may show that, with the exception of ICI.3 and paths, CT;;L”(G) for some 
n 3 1. Thus we may define a new invariant for graphs G, G neither a path nor &, 
by setting A(G) equal to the least y1 2 1 for which (3 E L”(G). Thus in this paper 
we have studied graphs with A(G) = 1. The case A(G) = 2 contains some interest- 
ing examples, but little is known about the general class of these graphs. Another 
interesting area of investigation might be the determination of A(T) for all trees 
I-. 
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